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Abstract. In this note, we show that blue schemes over a base blueprint B are naturally 
schemes relative to blue i3-modules (in the sense of Toen and Vaquie). However, there are 
relative schemes that do not come from blue schemes. This discrepancy occurs already for 
semiring schemes and schemes relative to N-modules. 



Introduction 

Bertrand Toen and Michel Vaquie developed in 16] the notion of a scheme relative to any 
complete and cocomplete closed symmetric monoidal category ^. One of the key ingredi- 
ents of this vast generalization of the machinery of scheme theory is the following. 

The usual definition of open subsets is in terms of localizations of a ring R at elements 
h G R. This can be generalized to other structures than rings (e.g. monoids or blueprints), 
but it requires the notion of an underlying set. Toen and Vaquie use the categorical view- 
point as developed in Demazure and Gabriel's book |3 1. Namely, a localization is the same 
as a flat epimorphism of finite presentation, which allows a completely categorical charac- 
terization of open immersions. This leads to the notion of a Zariski site on the (dual of) the 
category of monoids in Roughly said, a scheme relative to is a sheaf on this site that 
admits a covering by affine opens. 

In case, is the category of iJ-modules, this reproduces the category of schemes over 
a ring R. Alberto Vezzani shows in Q that if ^ is the category of sets, which has the 
interpretation as the category of Fi -modules, then schemes relative to ^ can be identified 
with Fi -schemes in the sense of Deitmar (f2l). 

This text is concerned with the category of blue schemes, which includes both usual 
schemes and Deitmar's Fj -schemes as full subcategories. The main result Theorem |7] 
of this paper is that the category of blue schemes over a base blueprint B embeds as a full 
subcategory into the category of scheme relative to the category ./# odB of blue Z?-modules. 

In the category of blueprints, it happens that not every flat epimorphism Z? — > C of finite 
presentation is a localization of B at an element h G B. This means that there are more 
open immersions in the sense of Toen and Vaquie than can be seen algebraically. Indeed, 
there are relative schemes that are not blue schemes. Interesting enough for applications 
to tropical geometry or analytic geometry, which are based on semirings, this discrepancy 
already occurs for semiring schemes. Another curiosity is that all affine blue schemes are 
spectra of global blueprints while relative schemes also include affine schemes that are 
"not global". 

This text is organized as follows. After recalling the definitions of relative schemes 
(Section [U, blueprints (Section |2]i and blue modules (Section O, we show in Section |4] 
that monoids in the category of blue B-modules coincide with Z?-algebras. In Section|5] we 
characterize morphisms of finite presentation in terms of algebraic properties of blueprints. 
After reviewing the construction of localizations (Section|6]), we conclude in SectionQthat 
localizations are flat epimorphisms of finite presentation and state the main theorem. In 
Section[8j we give an example of a relative scheme that is not a blue scheme. We finish the 
paper with a remark on globalizations in Section |9] 

Note that we provide only those details in the proofs of this short text that are essentially 
different from arguments in similar contexts. If the techniques of proof occur already at 
other places, then we restrict ourselves to a reference to don't repeat reasonings that require 
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a heavily technical language. In particular, we omit general sheaf theoretic arguments, 
which are explained very clearly in Q. 

Acknowledgements: I would like to thank James Borger for his remarks on a first version 
of the text. 

1. Relative schemes after Toen and Vaquie 

We recall the definition of relative schemes from Toen and Vaquie's paper JS). Let '£ 
be a closed symmetric monoidal category that is complete and cocomplete. We denote 
by Comm('^#') the category of commutative, associative and unital monoids in . A B- 
algebra is a morphism B — !> C of commutative monoids in and a B-algebm morphism is 
a morphism C ^C' that commutes with the morphisms B and B ^C' . 

Let / : B — > C be a morphism of commutative monoids in The morphism / is 
flat if — ®B C commutes with finite limits and colimits. The morphism f : B ^ C is of 
flnite representation if for all directed systems Si of B-algebras D,- together with B-algebra 
morphisms ipij : D,- — !• Dj, the canonical map 

colim Horns (C,^) — > HomB(C,colim^) 

is bijective. 

An affine scheme relative to '£ is an object of the dual category Comm('^^), which we 
denote by Aff('^). Let spec : Comm('^^) Aff('^) be the contravariant equivalence of dual 
categories, which sends a morphism f Xo f* . Let / : B — 5- C be a morphism of commutative 
monoids in Then /* : specC specB is called a Zariski open immersion if / : B — > C 
is a flat epimorphism of finite representation. 

The category Comm('^) of affine 'i^ -schemes admits a notion of Zariski coverings that is 
based on Zariski open immersions. This endows Comm('^) with the structure of a site, and 
it makes sense to consider sheaves on Comm('^^). The functor /ispecB = Hom( — , specB) of 
points is a sheaf of sets on Aff('^'). The notion of Zariski coverings extends to sheaves on 
Aff(^) in a natural way. A scheme relative to is a sheaf on Aff('^^) that has a Zariski 
covering by affine open subschemes. If the category ^€ is understood, we sometimes refer 
to a scheme relative to simply by a relative scheme. See |[6l for more details on the 
definition of relative schemes. 

2. Blueprints 

By a monoid with zero, we mean in this text always a multiplicatively written commutative 
semigroup A with a neutral element 1 and an absorbing element 0, which are characterized 
by the properties I ■ a — a and • a = for all a gA. A morphism of monoids with zero is 
a multiplicative map / : Ai — > A2 that maps 1 to 1 and to 0. We denote the category of 
monoids with zero by 

A blueprint B is a monoid A with zero together with a pre-addition i.e. ^ is an 
equivalence relation on the semiring N[A] ~ {^fl, |a,- £ A} of finite formal sums of elements 
of A that satisfies the following axioms (where we write ^ a, = ^ whenever {Y.'^iiT.bj) € 
M): 

(i) L «i = L ^ j and £ c/. = £ c// implies £ + q = ^ + £ c// and aiCj, = £ bjdi , 

(ii) = (empty sum), and 

(iii) ifa=b, then a = b (as elements in A). 

A morphism f : Bi — >■ B2 of blueprints is a multiplicative map / : Ai A2 between the 
underlying monoids of Bi and B2, respectively, with /(O) = and /(I) = 1 such that for 
every relation ^a,- = Y,bj in the pre-addition ^1 of Bi, the pre-addition .^2 of B2 contains 
the relation ) = T,f{bj). Let ,'^lpr be the category of blueprints. 

Remark 1. Note that the above definition follows the convention of the paper Q, which 
allows us to use an elegant and intuitive notation. In the sense of ID, the definition above 
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agrees with a proper blueprint with zero from ID. Therefore the category of blue schemes 
as considered in this text does, strictly speaking, not contain the category of Fi -schemes 
in the sense of Deitmar (Q). However, all arguments of Q will transfer to show an 
equivalence of monoidal schemes with zero. Alternatively, one can extend the results of 
this text to the more general setting of blue schemes in [j4], which includes Fi -schemes 
after Deitmar. 

In the following, we write B = A// 3^, for a blueprint B with underlying monoid A and 
pre-addition M. We adopt the conventions used for rings: we identify B with the underlying 
monoid A and write a € B or S C B when we mean a £ A or S C A, respectively. Further, 
we think of a relation ^a, = Y,bj as an equality that holds in B (without the elements ^a, 
and being defined, in general). 

Given a set S of relations, there is a smallest equivalence relation ^ on N[A] that con- 
tains S and satisfies Axioms ^ and If 3i satisfies also Axiom (Iml i. then we say that ^ 
is the pre-addition generated by S, and we write ^ = {S). In particular, every monoid A 
with zero has a smallest pre-addition 3^ = (0). 

More generally, let A be a monoid with zero and an equivalence relation on N[A] x 
N[A] that satisfies Axioms ^ and We can form the quotient set A' = A/ ^ where a ^ b 
whenever a = b. Then A' inherits the structure of a monoid by the multiplicativity of 
and the image of ^ in N[A'] x N[A'] is a pre-addition on A, satisfying Axiom dml i (see 
Lemma 1.6 in 2) for more details on the construction of the proper quotient). We say that 
A//l% is a representation of the blueprint A' Z^', and we say that the representation A/.^ 
ofB=A' l/M' is proper if A = A'. 

It is possible to associate with a blueprint its spectrum X = SpecB, which is the set of 
prime ideals of B together with its Zariski topology, which is defined in terms of localiza- 
tions (cf. Section|6]l, and together with a structure sheaf ^x, which is a sheaf in blueprints. 
The pair (X, ^x) forms a so-called locally blueprinted space. A blue scheme is a locally 
blueprinted space that is locally isomorphic to the spectrum of a blueprint. For more details 
on the definition of blue schemes, see Q. 

3. Blue B-MODULES 

Let M be a pointed set. We denote the base point of M by *. A pre-addition on M is an 
equivalence relation ^ on the semigroup N[M] ~ {Y,ai\ai e M} of finite formal sums in 
M with the following properties (as usual, we write ^m, = J^nj if stays in relation to 

(i) = Y.nj and Y.Pk = Lqi implies Y^mi + Lpk = L"; 

(ii) * = (empty sum), and 

(iii) if m = n, then m = n (in M). 

Let B ~ A//^ he a blueprint. A blue B-module is a set M together with a pre-addition 
^ and a B-action B x M ^ M, which is a map {b,m) i— > b.m that satisfies the following 
properties: 

(i) 1 .711 = m, O.OT = * and = 

(ii) {ab).m = a. {b.m), and 

(iii) ^fl/ = Y.bj and Y.f^k = L«/ implies Y.'^i-'^^k = Y,bj.ni. 

A morphism of blue B-modules M and N is a map f : M ^ N such that 

(i) f{a.m) — a.f{m) for all a G -S and m £ M and 

(ii) whenever ^m,- = L«/ in M, then = Hfinj) in 

This implies in particular that /(*) = *. We denote the category of blue B-modules by 
^odB. 

Lemma 2. The category ^odB is closed, complete and cocomplete. The trivial blue 
module = is an initial and terminal object of J^odB. 
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Proof. All arguments are essentially the same as in the case of A-sets. We refer to |[T] Sec- 
tion 2.2. 1] for the facts that ^odB is closed and is initial and terminal. The construction 
of limits and colimits can be found in [Tl, Prop. 2.13]. □ 

Lemma 3. The category ^/£odB has tensor products M®bN, which are characterized 
by the universal property that every bi-B-linear morphism M x N ^ P factors through a 
unique B-linear map M <Sib N ^ P. The functor — <Sib M is left-adjoint to HomB(M, — ). 
Together with the tensor product, ^odB is a symmetric monoidal category. 

Proof. The construction of the tensor product is the same as in Section 2.2.3 of f[\. All 
further details are easily verified. □ 

4. Monoids in JiodB 

Let B be a blueprint. We denote the category of B-algebras by SSlpr^ and its morphism 
sets by Homg(C,C'). Let Fj be the blueprint {0, l}/'(0), which is an initial object in ^Ipr. 
Then the association {¥\^B)^B establishes an equivalence between SSlpr^^ and SSlpr. 

Lemma 4. Let B be a blueprint. Then the category SSlpr^ is equivalent to the category of 
commutative monoids in ^odB. 

Proof. A B-algebra / : B ^ C is a blue Z?-module w.rt. to the multiplication defined by 
b.c = f(b)c for b £ B and c G C. The multiplication of C turns C into a commutative 
monoid in ^odB. A morphism C — ^ C' of B-algebras induces naturally a morphism of the 
associated commutative monoids in ^odB. It is immediately verified that this functor is 
an equivalence of categories. □ 

5. Blueprint morphisms of finite presentation 

In this section, we characterize of morphisms / : B — > C of finite presentation in terms of 
the finiteness of certain sets of generators. 

Let B = A II Si', be a blueprint. The we denote by B[7;],g/ the free blueprint over B in 
the indeterminants 7], cf. L12 of |4J. Its elements are {0} and all monomials bWT^' with 
coefficients b E B ~ {0} where n, > with «, = for almost but finitely many / G /. The 
blueprint B can be seen as the subset of all constants bY\Tf^, and the pre-addition of B[Ti] 
is generated by the image of the ^ in B[Ti]. 

A B-algebra / : B ^ C is generated by a subset of C if there are for every 

element c G C finitely many ai G B and not necessarily different indices in // G / such that 
c = Y.f{'^i)i>i,. A presentation of a B-algebra f : B ^ C is pair {b,S) where b — {bi}iei 
generates f : B ^ C and 5 is a set of relations on the free B-algebra B[7;],g/ that satisfies 
the following property: for B = B[Ti ,...,T„]II (S), there is a monomorphism f : B ^ C of 
B-algebras that sends 7) to bj and the pre-addition of C is generated by the image of the 
pre-addition of B. Note that the underlying monoid of B is in general a proper quotient of 
B[Ti,...,T„]. 

A B-algebra / : B — !• C is algebraically of finite presentation if there is a presentation 
{b,S) of f . B ^ C with finite b and finite S. We say that such a pair (b,^) is a finite 
presentation for f : B ^ C. 

Proposition 5. A morphism f : B ^ C of blueprints is of finite presentation if and only if 
it is algebraically of finite presentation. 

Proof. We unfold the definition of a finitely presented morphism of blueprints. Consider 
a directed system & of B-algebras D,- (where / ranges through an index set /) and mor- 
phisms fij : Dj Dj (for a directed subset of indices € I x I). Define J{i) = {y G 
/jthere is a iptj : Dj Dj}. Then the colimit of !^ can be represented by the B-algebra 



coHm^ = II I ("i) ^ n 
iei jeJ{i) 



^fij ■ Dj Dk, aj, = /(fl/) 
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where two elements {aj)jt^j[i^) and {bj)jej{i2) equivalent if Oj = bj for all j G J{io) 
for some ;o G J{ii) ny(/2). The canonical morphism t,- : D,- — s> colimD, maps a, G D, to 
ifMlfLk-.Dt^Dk). 

Similarly, an element of colimHomB(C, ^) can be represented as a tuple {ipj : B -> 
^j)jeJ{i) '^hat satisfies (pk = fj^k ° fj for all j,k G J{i) where / is some element of /. The 
canonical map 

colim HomB(C,^) — > HomB(C,colim^) 

send the class of a tuple {^pj : B Dj)j^j^^i-^ to the morphism ip ^ Li o ipi : C ^ colim^. 
Then F : Z? — > C is of finite presentation if is a bijection for all directed systems ^. 

Assume ({^i, . . . ,bn},S) is a finite presentation for f . B ^ C. Let ^ be a directed 
system. 

We show that is injective. Let {'Pi)jej(ii) ™d ii'j) jeJii^) two elements of 
coUmHomB(C,D,) such that Lp — '^^{ifj) — '^a^iijjj) = V'- This means that for every 
I — l,...,n, there is an ji G /(/i) n7(;2) such that ipj,{bi) = 4'ii{bi) in Dy,. If j G fl 
• • • nJ{j„), then fj{bi) = il-'jibi) in Dj for all I = Therefore, we obtain for an 

arbitrary element c = Y.f{^k)bi^^ in C, the relation 

i.e. = (V^y). This shows the injectivity of "P^. 

We show that "^i^ is surjective. Let ip : C colimi^ be a morphism of B-algebras. 
Then for every relation R in f{S), there is an Ir G / and c/ G Z),-^ such that tf{bi) = Li^ici) 
for / = !,...,« and such that the c/ satisfy the relation (pii^{R). Since 5 is finite, we can 
replace the ir by an / in [jJ{iR) and can assume that there are elements c/ in D,- that satisfy 
all relations in ipi{f{S)) and such that t,(c/) = b/. This means that ip :C ^ colim^ factors 
into a morphism ipi :C Dt, defined by fi{bi) = ci, followed by t, : D, — !> colimi^. This 
establishes the surjectivity of ^iji and shows that / : B — > C is of finite presentation, which 
is one direction of the proposition. 

Assume that is a bijection for every directed system Let {{bi}i^j,S) be a pre- 
sentation of B such that the cardinality of /U 5 is minimal. We show that both / and S 
are finite. 

Define for every pair of finite subsets J Cl and T cS such that all relations in T involve 
only elements of 7 the blueprint Dyj- = B[bi]i^j // {^%t) where is the pre-addition that is 
generated by T and ^is- Then every Dj t is naturally a B-algebra and a pair of inclusions 
Ji C J2 and Ti C T2 yields a morphism Z^ii.r, Dj^.Tj of B-algebras. This defines a di- 
rected system ^ whose colimit colimi^ is C. Since is bijective, the identity morphism 
id : C — > C = colimf^ comes from an element {(Pj.t) of colimHomB(C, fF). This means 
that there are a finite subset 7 of 7 and a finite subset T of S such that id : C — > C factorizes 
into a morphism ipjj :C ~> Djj, followed by ljt : Djj ^ C. By the minimality of 7 and 
S, this can only be the case if both 7 = 7 and T = S, i.e. I and S are finite. This finishes the 
proof of the proposition. □ 

6. Localizations 

Let B ~ A II Si. be a blueprint. Let 5 be a multiplicative set in B, i.e. a subset of B that 
contains 1 and ab for all a , G 5. We define 5^ 'A as the quotient of A x 5 by the equivalence 
relation ^ given by (a^s) ^ {a',s') if and only if there is a f G 5 such that tsa' = ts'a. We 
write ^ for the equivalence class of (fl,i) in S^^A. We define S^'^Sl as the set 

b, 



S-^!M = {L7=L7|3^^^ such that ^ ts'cii = ^ f r-'/^,- } 



where 



n^-t Ho and '^^=n*' ri'^' 

Hi j i ¥j 



6 



OLIVER LORSCHEID 



Then S 'A is a monoid (with the multiplication inherited from Ax S) and that S is 
a pre-addition for S^^A. We define the localization of B at S as the blueprint S^^B = 
S-^A//S-\^. 

The association a H> y defines an epimorphism B — > S^^B. It satisfies the universal 
property that every morphism f . B ^ C that maps S to the units of C factors uniquely 
through B If S ^ {h'} ,>o is generated by some li e B, then we denote S 'Z? by 

B [/i ^ ' ] . Note that if 5 is generated by finitely many elements hi,. . . ,li„, then S^^B = B[li^^] 
for h = Yl^V- 

Given a blue B-module M and a multiplicative subset S of B, we define S^^M as the 
following blue B-module. Its underlying set is the quotient of M x 5 by the equivalence 
relation ~ defined by {m,s) ~ {m' ,s') if and only if there is a f e 5 such that ts.m' = ts' .m. 
We denote by ™ the equivalence class of (m,s) and denote by / : M — > S^^M the canonical 
map that sends m to j. The pre-addition of S^^M is generated by /(^) where 3^ is the 
pre-addition of M. With this f : M ^ S^^M is a morphism of blue B-modules, and S^^M 
is naturally a blue S'^'fi-module. 



In this section, we show that every blue scheme X over a blueprint B defines a scheme hx 
relative to ./^odB. As a functor on Comm(^0(ig), the relative scheme hx is defined as 
HomB(Spec(-),X). 

Note that in this section, we consider relative schemes as functors on Comm.{^odB) 
rather than on its dual category Afi{^odB) to avoid cumbersome notations and possible 
confusions that stem from the fact that Spec : SSlprg — Schg is not fully faithful and there- 
fore Aff{^odB) is not a full subcategory of the category of schemes relative to ^odB. 
For more details on this, cf. Section |9] 

Lemma 6. Let B be a blueprint and h 6 B. Then the canonical morphism f : B ^ B[h^^\ 
is aflat epimorphism of finite presentation. 

Proof. Since — is left-adjoint to HomB(Z?[/2^'], — ) it commutes with colimits. It 

is easily verified that — ®BB[h^^] commutes with finite limits (cf. |1] Prop. 2.24] for the 
case of a monoid B). Therefore B — > is flat. 

Since the image of /i^* under a blueprint morphism g : ^ C is determined by the 

image of /i, / : B — > B[h^^] is an epimorphism. 

We are left with showing that f : B ^ B[h^^] is of finite presentation. The B-algebra 
Z?[/7^'] is generated by h over B. Let / : B[T] — 5- be the B-algebra morphism defined 

hy T h. Let S = {Th =1} and ^ be the pre-addition of B. Then {{b},S) is a finite 
presentation of the B-algebra B[h^^], and we can employ Proposition |5] to conclude that 



This allows to conclude the main statement of this text. For a blue scheme X over a 
blueprints, define the presheaf hx = HomB(Spec(— on Comm{^/^odB). 

Theorem 7. The association X t— >■ hx defines a fully faithful embedding 



of categories. 

Proof A blue scheme X over B defines the presheaf hx = HomB(Spec(— on the cat- 
egory Comm{^odB). Since the inclusion (ys : [/ — > X of an open subset U of X is locally 
defined by a localization B — !> Lemma |6] implies that if : U ^ X is a Zariski open 

immersion in the sense of Toen and Vaquie. 

From this, the theorem follows by general arguments as they can be found in |3] for 
rings or in JT] for monoids in place of blueprints. □ 



7. Blue schemes as relative schemes 




□ 



Schfi 



Sch{^ odB) 
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8. A RELATIVE SCHEME THAT IS NOT A BLUE SCHEME 

The embedding l : Schg — > Sch(^o^^B) is not essential surjective. To begin with, note 
that the inclusions Fi — ;> Fj2, N ^ Z and Q>o Q are examples of flat epimorphisms of 
finite presentation that are not localizations. Another type of a flat epimorphism of finite 
presentation is a blueprint morphism B\ B2 that is a bijection between the underlying 
monoids, but where the pre-addition of B2 is strictly larger than and finitely generated over 
the pre-addition of Bi . 

The following is an example of a scheme relative to ./# odWy does not come from a blue 
scheme. Let Bi = Fi [T], B2 = Fi [-T], Bq = Fi [±r] and /i : Bi ^ Bo and fi : B2 ^ Bq 
the obvious inclusions. Then /i and /2 are flat epimorphisms of finite representation. Let 
hij. ~ Hom(B, , — ) be the corresponding functor of points and define ,2^ — hu^ ^hu^ hu^, 
i.e. <^ is the sheaf associated to the presheaf 

C ^ Hom(Fi[r],C) ]J Hom(Fi[-r],C), 

Hom(Fi [±r],C) 

which glues two copies +C and C of C along the subset of elements of C with an 
additive inverse. Thus if C is a ring, then j?r(C) = C. This means that the restriction of 
to rings is the affine line A^. For C ,f"{¥i) contains {0, ±1} = Fj2. 

We lead the assumption that comes from a blue scheme X to a contradiction. If ~ 
l{X), then there is a cancellative blue scheme Xcanc together with a canonical morphism 
^canc X such that every morphism from the spectrum of a cancellative blueprint factors 
uniquely through Xcanc (see E] para. 3.32]). Since ^ equals A^ if restricted to rings, 
(^canc)^ = ^z- particular, the morphism Ui = SpecFj [T] —5- X factors uniquely through 
a morphism ip : SpecFi [r] — > Xcanc, which yields the commutative diagram 

SpecZ[r] ^ Ai, 



SpecFi[r] ^Xcanc 

by base extension to rings. The vertical arrows are surjective by ||5] Lemma L32], which 
implies that ip is surjective. Since /ly, is a subsheaf of p is injective and thus a bijection. 
There are open affine coverings {V,} of A^^ — SpecFi [T] and {W,} of Xc^nc such that p 
restricts to morphisms pi : Vi — Wj (see lH Thm. 67]). Since an open covering of Ap^ 
must contain A^^ itself (see ||5] Ex. 1.6] for a description of this space), and since p is 
a bijection, Xc^nc must be affine with coordinate blueprint C and p must come from a 
blueprint morphism / ~ Fp : C — ^ Fi[r]. Since = Z[r], we conclude that f : C ^ 
Fi [T] is an isomorphism of blueprints. But this leads to a contradiction because {0, ±1 } C 
^(Fi)whileAi.j(Fi) = {0,l}. 

Note that we can replace Bq, Bi and B2 by their respective universal semirings B^, 
B^ and BJ. Then the above construction yields a scheme ,f?r+ relative to modules over 
N. It sends a semiring R to the amalgam {+R) n^± {~R), which glues two copies +R 
and —R of R along the subset R"^ of all elements with an additive inverse. Then a similar 
argumentation as above shows that the relative scheme ^+ does neither come from a blue 
scheme. 

Remark 8. At the end of Section 2.4 in |[6l, one finds the construction of a topological 
space I ^ I for a relative scheme ^ such that Zariski open immersions correspond to open 
subsets of \^\. It would be interesting to compare the topological space \i{X)\ with the 
topological space of X. 

Since X = SpecFi has the non-trivial Zariski open immersion Spec Fji — s- SpecFi, the 
space \i{X) I must be larger than the one point spaces SpecFi = {*}. Similarly, the relative 
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scheme X = hu^ 11/,^^^^ hu^ of this section must have a larger topological space than the 
topological coUmit 

colim( {?7,x} t~ {t],x] % {t],x\ ) = {77, x} 

over the underlying topological spaces of C/q, V\ and IJ^. Indeed, the only open subsets are 

0, {77} and {77, jc}, which does not allow a covering by two proper open subsets \hu^ \ and 

9. A CONCLUDING REMARK ON GLOBALIZATIONS 

The functor Spec : ilSlpr — > Schpi is not fully faithful in contrast to usual scheme theory, 
and the composition of Spec with the global section functor F : Schfj SSlpr is not 
isomorphic to the identity functor on SSlpr. However, the following result assures that this 
is not a problem for the scheme theory associated with blueprints. 

Let B be a blueprint and X = SpecB. Then we denote by YB the blueprint T{X, ffx), 

1. e. the image under the composition r o Spec, '^t c?i\\YB the globalization of B. The 
globalization comes together with a canonical morphism B YB, which is in general not 
an isomorphism. If it is an isomorphism, we call B global. However, the associated mor- 
phism SpecFB SpecB is an isomorphism of affine blue schemes (see |4, Thm. 3.12]). 
Therefore, YB — > YYB is an isomorphism, and the category of affine blue schemes is dual 
to the category of global blueprints. 

In Toen and Vaquie's approach, the category Aff [l^lpr) of affine relative schemes is 
dual to the category iiSlpr of all blueprints. In particular, an arbitrary blueprint B defines 
the affine relative scheme hg that sends a blueprint C to the set Hom(Z?,C). If B is not 
global, then hg is not in the essential image of l : Sch^j — > Sch(^oc/Fi). In particular, 
i(SpecZ?) is isomorphic to Iiyb- 

Another effect is that if a family of blueprint morphisms B Bi yields an affine open 
covering {SpecB,} of SpecB, then it is in general not the case that the family {/jb, } is an 
open covering of hg — an implication that is true if all blueprints in question are global. 

Note that the globalization B YB is always a flat epimorphism, but in general not of 
finite presentation. But if, for instance, B is finitely generated over Fi, then B — s- YB is a 
flat epimorphism of finite presentation and therefore Iiyb hs is an open immersion of 
affine relative schemes for finitely generated B. 

References 

[1] Chenghao Chu, Oliver Lorscheid, and Rekha Santhanam. Sheaves and A'-theory for Fi-schemes. Adv. Math., 
229(4):2239-2286, 2012. 

[2] Anton Deitmar. Schemes over Fi . In Number fields andfiinction field.s- — two parallel world.s, volume 239 of 

Progr Math., pages 87-100. Birkhauser Boston, Boston, MA, 2005. 
[3] Michel Demazure and Pierre Gabriel. Groupes algehriques. Tome I: Geometrie algehrique, generalites, 

groupes commutatifs. Masson & Cie, Editeur, Paris, 1970. Avec un appendice it Corps de classes local par 

Michiel Hazewinkel. 

[4] Oliver Lorscheid. The geometry of blueprints. Part I: Algebraic background and scheme theory. Adv. Math., 
229(3):1804-1846, 2012. 

[5] Oliver Lorscheid. The geometry of blueprints. Part II: Tits-Weyl models of algebraic groups. Preprint, 

arXiv: 1201. 1324 2012. 
[6] Bertrand Toen and Michel Vaquie. Au-dessous de Spec Z. / K-Theory; 3(3):437-500, 2009. 
[7] Alberto Vezzani. Deitmar's versus Toen-Vaquie's schemes over Fi . Math. Z, 271(3-4):91 1-926, 2012. 

E-mail addre.ss: lorschei@iinpa.br 

INSTITUTO NACIONAL DE MATEMATICA PURA E APLICADA, ESTRADA DONA CASTORINA 110, RiO 

DE Janeiro, Brazil 



